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We report exact-diagonalization studies of inelastic light scattering in few-electron quantum dots under the
strong-confinement regime characteristic of self-assembled dots. The spectra of intraband excitations of dots
with Ne=2, 3, 4, 5, and 6 electrons are calculated. Collective charge-density and spin-density excitations of the
systems are identified by computing the multipolar transition amplitudes and the total spin of each excited state
of the dots. We apply the orthodox �second-order� theory for scattering due to electronic excitations. Our
numerical results stress the dominance of monopole peaks in Raman spectra and the breakdown of selection
rules in open-shell dots. The dependence of these spectra on the number of electrons in the dot and the incident
photon energy is explicitly shown. Qualitative comparisons are made with recent experimental results.
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I. INTRODUCTION

Raman spectroscopy is a powerful tool in the investiga-
tion of the electronic properties of nanostructures.1 In a stan-
dard experiment, the energy of the incident light beam is
slightly above the structure band gap �resonant conditions�,
and the scattered light is collected in the backward direction
�backscattering geometry�. Because of the fact that there are
two photons involved in a Raman process, selection rules
hold for the total angular momentum �or parity� of the elec-
tronic subsystem ��J=0, �2�. These selection rules are
different from the rules governing intraband absorption ��J
= �1, Kohn theorem�, thus Raman spectroscopy allows us to
study a different sector of the spectrum of electronic excita-
tions in the dot.

In the last few years, Raman measurements in self-
assembled quantum dots were reported.2–4 The distinctive
features of these experiments are the observation of peaks,
apparently violating the selection rules,3 and the observation
of a strong electron-LO phonon coupling �polaron effect5� in
self-assembled dots.4 The description of these effects re-
quires a higher-order theoretical scheme,6 in which parity-
violating vertices are included, in addition to the two
electron-photon vertices. We notice, however, that exact cal-
culations for Raman scattering in few-electron quantum dots,
even in the lowest- �second-� order scheme, are lacking. To
the best of our knowledge, only a few calculations for etched
dots are available,7,8 in which the final states are properly
treated, but the intermediate states are not. We think that a
precise understanding of the standard Raman-scattering pro-
cesses in few-electron quantum dots is needed as a basis
toward the description of higher-order processes.

Thus, in the present paper we recall the orthodox �stan-
dard� second-order Raman scheme for light scattering by
electronic excitations in self-assembled quantum dots. We
consider dots with up to six electrons. The needed wave
functions to compute the Raman cross sections are obtained
by exact diagonalization in a truncated basis set of many-

particle functions. Because of the resonant character of the
process, the intermediate states have an additional electron-
hole pair. It means that the largest system we should diago-
nalize is made up from seven electrons and one hole. The
strong-confinement regime, characteristic of self-assembled
dots, makes it possible to reach convergence in the numerical
calculations with a relatively reduced basis set �of around
105 functions�. We use the Lanczos algorithm in order to
obtain the low-energy spectrum of our Hamiltonian.

The plan of the paper is as follows. In the next section, we
present the model quantum dot and the way we compute the
Raman transition amplitude. In Sec. III, the intraband exci-
tations of the quantum dot �the final states in a Raman pro-
cess� are described. A criterium for the “collective” character
of a many-particle state is given, which is based on the mul-
tipole operators appearing in the off-resonance asymptotics
for the Raman amplitude.9 In that section, we may appreciate
how the collective and single-particle excitations shift in en-
ergy as the particle number or the confinement strength is
varied. In addition, we appreciate how, for open-shell dots,
states which are undoubtedly charge excitations give nonzero
matrix elements of multipole “spin” operators. Next, in Sec.
IV the interband excitations are constructed. They are the
intermediate states in a Raman event. We compute the inter-
band absorption to get an idea of the position of the incom-
ing resonances in Raman scattering. In Sec. V, we present the
Raman spectra. As it will be shown, the spectra are domi-
nated by monopole peaks, both in polarized and depolarized
geometries. This is in accord to the fact that the dot lateral
dimensions ��20 nm� are shorter than 1/10 of the light
wavelength. Particularly interesting is the observed break-
down of the Raman selection rules in open-shell dots. Fi-
nally, in the last section, we qualitatively discuss the rel-
evance of our calculations to the experiments detailed in
Refs. 2–4.

II. FORMALISM

The values of the parameters used in our model for self-
assembled quantum dots are motivated by the experiments in
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Refs. 2–4. For the electron mass and dielectric constants
we took, respectively, the following InAs values:10 me
=0.024m0, and �=14.55�0. The in-plane confinement poten-
tial is assumed parabolic, with a characteristic frequency ��e
ranging in the interval between 20 and 50 meV. This is, of
course, a simplification. The actual confinement potential is
expected to become flat already at excitation energies around
100 meV.3,4 We will study dots in which the number of elec-
trons varies between 2 and 6.

Under resonance conditions, the Raman-scattering transi-
tion amplitude is given by the following expression,9,11–13

coming from second-order perturbation theory in the scatter-
ing matrix,

Afi � �
int

�f �H�+��int��int�H�−��i�
h�i − �Eint − Ei� + i�int

. �1�

h�i is the incident laser energy. The initial state in the process
is the ground state of the Ne-electron system, meaning that
we are considering a process at low temperatures, where only
the ground state is populated and hence only Stokes lines in
the Raman spectra should be observed. The final states in the
process, on the other hand, are quantum dot intraband exci-
tations. Details on how the final states are computed, what
their properties are, etc. are given in the next section. We
notice that conservation of energy leads to the following re-
lation,

Ef − Ei = h�i − h� f , �2�

allowing us to express the Raman shift �right-hand side �rhs�
of Eq. �2�	 in terms of the final-state excitation energy. Vary-
ing h�i, a peak at a fixed Raman shift �a resonance� indicates
the existence of a final state �or group of states� with a given
excitation energy. That is how Raman spectroscopy works.

Equation �1� contains a sum over intermediate electronic
states. The �virtual� transitions to the intermediate states are
caused by the electron-photon interactions. Because of the
denominator in Eq. �1�, when h�i is slightly above the dot
effective band gap the sum is dominated by the resonant
terms, i.e., intermediate states with an additional electron-
hole pair, whose energies are Eint−Ei
h�i. They are de-
scribed in Sec. IV. The intermediate states play, of course, a
role in Afi. Incoming and outgoing resonances, i.e., increase
in Raman intensities for precise values of h�i or h� f, are a
consequence of resonances with given intermediate states.
However, the position of peaks in Raman spectra is deter-
mined solely by the final states. Notice that our expression
�Eq. �1�	 differs from that one used in Refs. 7 and 8 precisely
in the treatment of the intermediate states, which we consider
as many-particle and Coulomb interacting states. This allows
us to correctly describe incoming and outgoing resonances in
Raman scattering.

The electron-photon vertices entering Eq. �1�, H�−� and
H�+�, are single-particle operators in which matrix elements
over photon operators were explicitly computed. The − and +
supraindexes refer to absorption or emission of a photon,
respectively. H�−�, for example, is given by

H�−� = �
��

���eiq� i·r���i · p� ���e�
† h�

†, �3�

where we use a basis of two-dimensional �2D� oscillator
states, � and �, for electrons and holes.14 q� i and ��i are the
wave vector and polarization of the incident photon. Notice
that the electron state in the valence band, � �conjugate of the
hole state ��, enters the matrix element in H�−�.

For H�+�, we use the relation:

�f �H�+��int� = �int�H�−��f���q� f,�� f
, �4�

where the matrix element in the rhs is to be evaluated with
the wave vector and polarization of the scattered photon.

III. INTRABAND EXCITATIONS IN SELF-ASSEMBLED
DOTS

Self-assembled quantum dots may have quite different
shapes depending on the growth conditions.15 However, in
Ref. 16 the authors proposed a new procedure for the growth
of stacked self-assembled dots whose main effect is to con-
vert the quantum dot population in a population of quantum
disks. In our model, we assume a disk-shaped structure of
around 20 nm diameter and 5 nm high. The motion of elec-
trons along the axis �z direction� is quantized, occupying the
first subband. For the motion in the perpendicular plane, we
use a harmonic-oscillator potential.

In order to compute the intraband excitations of the
Ne-electron quantum dot we diagonalize the electronic
Hamiltonian,

H = �
�

�Ez
�e� + ��e	��e�

† e� +



2 �
����

��,��
1

r12
��,��e�

†e�
† e�e�,

�5�

in a basis of Slaters determinants. In Eq. �5�, Ez
�e�

=�2�2 / �2meLz
2�, and Lz=5 nm is the dot width. The energy

of 2D oscillator states is 	�=2k�+ �l��+1, where k is the
radial quantum number, and l is the angular momentum
along the normal to the plane. The matrix elements of Cou-
lomb interactions, �� ,��1 /r12�� ,��, among any four states
of the first 20 oscillator shells were computed and stored in a
file. The strength of Coulomb interactions is given by 

=e2 / �4��le�, where e is the electron charge, and le the elec-
tron oscillator length. With the explicit values of the param-
eters, we get 
=1.75���e meV, where ��e is to be written
in meV also. Notice that the ratio between characteristic
Coulomb and oscillator energies, 
 /��e, is less than one for
self-assembled dots �around 0.25 for ��e=50 meV�.

The dimension of the Hamiltonian matrix can be reduced
by restricting the basis to sectors with given values of the
total angular momentum, L=��l�, and total spin projection,
Sz=��sz�. The dimension is further reduced by introducing
an energy cutoff. Due to the strong confinement, we obtain
converged eigenvalues of Hamiltonian �5� using a truncated
basis of Slater determinants with zeroth-order �harmonic os-
cillator� excitation energy lower than 8��e. This leads to
matrices with dimensions less than 104 which are easily di-
agonalized. The algorithm used in our Fortran 90 code has
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many similarities with published ones.17–19 It is not yet par-
allelized, although it may be easily adapted for parallel com-
putation.

A sample of the results is shown in Fig. 1 for dots with
Ne=2–6, and h�e=30 meV. In this figure, we present the
density of energy levels for the excited states with the same
L and Sz as the ground states. These are the final states giving
the main contribution to the Raman cross section. Notice the
ground-state degeneracies in the Ne=3 dot �quantum num-
bers: L= �1, Sz= �1 /2�, in the Ne=4 dot �L=0, Sz
=0, �1�, and in the Ne=5 dot �L= �1, Sz= �1 /2�. The
width we use to construct the histograms is 0.4 meV. This
value is close to the mean spacing between levels in the
calculated quantum dots.

A more detailed view of the spectrum of excited states in
the six-electron dot is drawn in Fig. 2. This is a closed-shell
system with ground-state quantum numbers Li=Si=0. Using
a common terminology,12 we will refer to �L=Lf −Li=0
states as monopole excitations, �L= �1 states as dipole ex-
citations, �L= �2 states as quadrupole excitations, etc. On
the other hand, states with total spin variation, �S�0, will
be called spin excitations, even if �Sz=0, in contrast to
charge excitations which correspond to �S=0. The cases
�Sz�0 �spin flips� will not be considered below because the
Raman amplitudes for transitions to such states are very
small.12,13 Spin-flip peaks in the Raman spectra are the result
of higher-order processes and will not be studied in the
present paper.

In Fig. 2, collective states are also indicated. We identify
them with the help of sum rules. Sum rules form a very

important tool in the theory of collective excitations.20 In
many cases, they allow a calculation of global properties in a
simple way and are therefore useful in testing different ap-
proximation schemes. In general, a sum rule is related to a
single-particle operator D=�d�
e�

†e
. It gives the kth mo-
ment of the distribution of the excitation strength produced
by the one-body operator D,

Sk � �
f

�Ef − Ei�k���f �D�i��2 + ��f �D†�i��2� . �6�

The most important sum rule is the energy-weighted sum
rule �EWSR� S1. The EWSR for charge excitations is written
as follows:

�
f

�Ef��f �D�L
�c� �i��2 + ��f �D�L

�c�†�i��2� = �i�†D�L
�c� ,�H,D�L

�c�†	‡�i� .

�7�

Relation �7� holds for a set of exact eigenvalues �f� of H.
We usually have only approximative states �f� and approxi-
mative energies Ef. We have already shown that the right-
hand side of Eq. �7� can be calculated in a rather simple
way.21 It is a test of the validity of any approximation to see
whether it fulfills the sum rules.

In our scheme, a state �f� will be conventionally called
collective �a charge-density excitation �CDE�	 if
�Ef��f �D�L

�c� �i��2 is greater than 5% of the rhs of Eq. �7�. In
contrast, a state with a small contribution to the sum rule is
called a single-particle excitation �SPE�. The multipole op-
erator is defined as

D�L
�c� = �

�,�
���d�L���e�

†e�, �8�

where the sum runs over oscillator states � and � with the
same spin projection. The matrix elements ���d�L��� are
given elsewhere.13,21 Making explicit the spin degrees of
freedom, we write

FIG. 1. Density of energy levels in few-electron dots for ��e

=30 meV and excitation energy below 100 meV. See explanation
in the text.

20

30

40

50

60

70

80

90

100

110

∆E
f

(
m

eV
)

∆L = 0 ∆L = 1 ∆L = 2

CDE
1

(82%)

CDE
2

(11%)

SDE
1

(27%)

SDE
2

(48%)

SDE
3

(14%)

Kohn mode

SDE
1

(48%)

CDE
2

(12%)

CDE
1

(22%)

SDE
1

(18%)

SDE
2

(12%)

SDE
3

(16%)

SDE
4

(10%)

FIG. 2. �Color online� The low-lying intraband excitations in the
six-electron quantum dot. ��e=30 meV. The relative contribution
to energy-weighted sum rules of collective states is given.
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D�L
�c� = �

,�
��d�L����e↑

† e�↑ + e↓
† e�↓� , �9�

in which  and � now refer to orbital functions �no spin�.
These operators D�L

�c� enter the asymptotic expression for the
Raman amplitude in the off-resonance regime.9 They are
multiplied by the scalar product, ��i ·�� f, between the incident
and scattered light polarization vectors.

On the other hand, a second term in the asymptotic off-
resonance expression,9 proportional to ���i��� f� · ẑ, involves
the operator,

D�L
�s� = �

,�
��d�L����e↑

† e�↑ − e↓
† e�↓� . �10�

This operator may serve to distinguish collective spin exci-
tations �spin-density excitations �SDE�	 only when the
ground-state total spin is Si=0. When Si�0, the correspon-
dence is not unique, meaning that we could observe peaks
corresponding to charge excitations in the cross-polarized
Raman spectrum of open-shell dots.

Notice that, in Fig. 2, the dipolar SDEs are the lowest
states in that sector, and the monopole CDEs are at the top of
the first group of monopole states, having excitation energies
roughly equal to 2��e.

Figure 3�a� shows the collective states of the six-electron
dot as a function of the confinement strength, ��e. States
have been denoted by symbols, whose sizes are proportional
to their weight in the corresponding sum rule.

On the other hand, in the lower panel of Fig. 3, the har-
monic energy is fixed at ��e=30 meV, and the monopole
states with fractions of the charge or spin sum rules higher
than 5% are drawn as a function of the number of electrons
in the dot. There is a remarkable fact in these dots, working
under the strong-confinement regime, related to the position
of the main CDE state: it is almost independent of the num-
ber of electrons in the dot. We shall comment further on this
fact with the help of the explicit values of the sum-rule frac-
tions given in Table I.

The main collective charge excitations, CDE1 and CDE2,
correspond, respectively, to excitations of the internal motion
and center-of-mass Hamiltonians. The energy of CDE2
should be exactly 2��e according to the Kohn theorem.
However, CDE1 shows also very little dependence on Ne
and, as seen from the table, gives stronger contributions to
the sum rule, meaning that it should dominate the Raman
spectrum in the off-resonance regime.

A second point to stress in Table I is related to the open-
shells dots, where charge-density excitations may contribute
not only to the charge EWSR, but also to the spin EWSR.
That is, in an off-resonance regime the Raman peaks associ-
ated to these modes could appear in both, polarized and de-
polarized spectra. This is a clarifying result since usually
Raman peaks appearing in both geometries were attributed to
single-particle excitations. This fact is related to the spin-
wave functions of the states and the operator given by Eq.
�10�. Notice also the triplet-to-singlet spin density transitions
in the four-electron dot.

IV. INTERBAND EXCITATIONS

The intermediate states entering Eq. �1� for the transition
amplitude are interband excitations of the dot, i.e., states
with an additional electron-hole pair. We will use a simpli-
fied description with only one �heavy� hole band with effec-
tive anisotropic mass, mh

�z�=0.35m0, mh
�xy�=0.035m0.10 This is

not a very crude hypothesis, which may be justified to work
in the conditions of self-assembled dots because of the shift
of light-hole states due to the small width of the dots along
the symmetry axis. Indeed, when Lz=5 nm, light-hole states
are 0.5 eV higher in energy than heavy-hole states.

Under this simplification, the intermediate states are char-
acterized by the total angular momentum, Lint, the hole spin
projection, Sz

�h�, and the total electronic spin projection, Sz
�e�.

The main contribution to the Raman amplitude comes from
states in which the added pair has angular momentum equal
to zero, that is Lint=Li, where Li is the initial �ground-� state
angular momentum of the Ne-electron system.

We should then diagonalize Hamiltonian �5� with two ad-
ditional terms,

�
�

�Ez
�h� + ��h	��h�

† h� − 
 �
����

��,��
1

r12
��,��e�

†h�
† h�e�,

�11�

the first one represents the single-particle energy of the hole,
and the second one accounts for the electron-hole interac-
tions. We assume that the oscillator length for holes is equal

FIG. 3. �Color online� �a� Collective monopole excitations be-
low 100 meV in the six-electron dot as a function of ��e. �b�
Sum-rule fractions for monopole states in the few-electron dots and
a confinement potential with ��e=30 meV. The Kohn mode �di-
pole excitation� is also drawn as a reference.
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to the electron oscillator length, i.e., me�e=mh�h. The basis
functions are built up as products of Slater determinants for
electrons and a single harmonic-oscillator function for the
hole. As in the previous section, we define the excitation
energy for these functions in terms of the difference of zero-
order �harmonic-oscillator� energies. The reference is the
lowest energy in the basis. With a cutoff of 8��e for the
excitation energy �enough to reach convergence�, matrix di-
mensions of around 105 are obtained. The lowest 100 eigen-
values are easily computed by means of Lanczos
algorithms.22

We show in Fig. 4 the gap renormalization effects in the
dots as a result of varying the confinement strength or the
number of electrons. The renormalized gap is simply the
energy difference between the lowest intermediate state and
the ground state in the dot. Notice that the effective gap
�around 1.18 eV� is the result of adding a nominal Egap
=0.43 eV, the confinement energies along the z direction of
the added electron and hole �Ez

�e�+Ez
�h��, the in-plane confine-

ment energies of both particles, and the contribution from
Coulomb interactions. The dependence on ��e is almost lin-
ear, as expected, because of the single-particle terms in the
Hamiltonian. The small redshift of the effective band gap
with increasing Ne, on the other hand, comes from the preva-
lence of electron-hole attractive interactions over phase-
space filling effects in small dots.

In Fig. 5, we show the interband absorption in dots with
Ne=2, . . . ,6 and ��e=30 meV. The intention is to show
possible incoming resonances in Raman-scattering pro-
cesses. The absorption spectrum at normal incidence is com-
puted from the matrix elements squared, ��int�H�−��i��2,
smeared out with a Lorentzian. We used a uniform width for

TABLE I. The sum-rule fractions represented in Fig. 3�b�. S1
�c,s�

refer, respectively, to the charge and spin energy-weighted sum-rule
fractions. Charge-excitation states giving only contributions to the
spin sum rule are denoted CEs.

Ne=2, L=0, S=0
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 54.74 0% 96% +1

CDE1 57.72 43% 0% 0

CDE2 60.03 51% 0% 0

Ne=3, L= �1, S=1 /2
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 51.65 0% 21% +1

SDE2 52.11 0% 10% +1

CE1 54.96 0% 22% 0

CE2 58.08 0% 11% 0

CDE1 58.27 69% 23% 0

CDE2 60.05 26% 0% 0

Ne=4, L=0, Sz= �1
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 48.88 0% 16% +1

CE1 51.02 0% 11% 0

CE2 54.41 0% 22% 0

CDE1 58.13 80% 41% 0

CDE2 60.07 18% 5% 0

Ne=4, L=0, Sz=0
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 48.88 0% 20% +1

SDE2 54.48 0% 41% −1

SDE3 57.47 0% 33% −1

Ne=5, L= �1, S=1 /2
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 46.80 0% 6% +1

SDE2 48.86 0% 12% +1

SDE3 52.31 0% 20% +1

CE1 52.58 0% 23% 0

SDE4 53.03 0% 7% +1

CDE1 57.88 84% 6% 0

CDE2 60.08 11% 0% 0

Ne=6, L=0, S=0
�Ef

�meV� S1
�c� S1

�s� �S

SDE1 47.81 0% 27% +1

SDE2 51.31 0% 48% +1

SDE3 53.72 0% 14% +1

CDE1 57.65 82% 0% 0

CDE2 60.19 11% 0% 0
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FIG. 4. �a� The effective band gap in the six-electron dot as a
function of ��e. �b� Band gap in the few-electron dots for a con-
finement potential with ��e=30 meV.
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the intermediate states, �int=0.5 meV. Only intermediate
states with the same angular momentum as the electronic
ground states are included in the computation, that is Lint
=Li. Two spin combinations are considered Sz,int

�e� =Sz,i
�e�+1 /2,

Sz,int
�h� =−1 /2, and Sz,int

�e� =Sz,i
�e�−1 /2, Sz,int

�h� =1 /2.
Although ��e=30 meV is not the strongest confinement

achievable in self-assembled dots, we clearly distinguish in
Fig. 5 absorption peaks arranged in shells separated by 2��e.
The dispersion of peaks in the first shell ranges from 15 meV
in the Ne=2 dot to a single �doubly degenerate� peak in the
six-electron dot. Incoming resonances in a Raman spectra
should be then very sharp if experiments were conduced in a
very high quality dot array or a single dot with the use of
confocal microscopy.

Specially interesting is the six-electron dot, where an al-
most ideal Raman process with transitions through a single
intermediate resonance at 1181.6 meV can be realized. Re-
sults for Raman cross sections are presented in the next sec-
tion.

V. RAMAN SPECTRA

The first feature of Raman spectra in self-assembled dots
is the dominance of monopole ��L=0� peaks. This property
is shared with etched dots,12,23 but it is much more accentu-
ated for self-assembled dots because of their smaller dimen-
sions. Indeed, the typical diameter, d, of InAs dots in a GaAs
matrix, for example, is around 20 nm. On the other hand, the
Raman amplitude squared, �Afi�2 for a state �f� with a given

�L is proportional to �qi sin �id�2��L�, where �i is the angle
of incidence of photons, and qi
0.006 nm−1 is the wave
vector of photons with energy equal to 1.18 eV. The product
qid is roughly 0.12, meaning that only �L=0 peaks should
be observed.

We show in Fig. 6 the spectrum for a Ne=6 dot and
��e=30 meV. The incident photon energy is exactly in
resonance with the first exciton state shown in Fig. 5�e�, that
is h�i=1181.6 meV. The differential cross section is com-
puted from the expression,

d� � �
f

�Afi�2
� f � �4��

� f
2 + �h� f + Ef − Ei − h�i�2 , �12�

where we used a Lorentzian to smear out the Dirac delta
function expressing conservation of energy, Eq. �2�. The
width of final states, � f, is assumed uniform and equal to 0.4
meV. When the ground state is degenerate, we sum over all
of the terms in the multiplet.

The calculations shown in Fig. 6 correspond to the polar-
ized geometry, under backscattering conditions and inci-
dence angle �in vacuum� equal to 60° in order to strengthen
multipole peaks. Contributions from �L=0 �monopole�,
�L= �1 �dipole�, and �L= �2 �quadrupole� final-state ex-
citations are included in the sum in Eq. �12�. Dipole final
states with Raman shifts around 30 meV �in particular, the
Kohn mode� and around 80 meV give rise to peaks at least 1
order of magnitude smaller than the leading monopole peaks
lying in the interval from 50 to 60 meV. Quadrupole states,
present also in this interval �see Fig. 2�, give, however, a
negligible contribution to the cross section. Notice that, un-
der resonance conditions, peaks associated with single-
particle monopole excitations are as strong as the peaks cor-
responding to the collective states �CDE�. Let us stress also
that the main Raman peaks are shifted 50–60 meV below the

FIG. 5. Interband absorption in the few-electron dots with a
confinement potential ��e=30 meV. The spectra were calculated
assuming a uniform width �int=0.5 meV for the intermediate
states.

FIG. 6. �Color online� Polarized Raman spectrum for a six-
electron dot with confinement ��e=30 meV. Monopolar �dashed
line� and total �solid line� spectra are drawn. The total cross section
includes contributions from monopole, dipole, and quadrupole
states.
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luminescence lines and, for this reason, should be easily ob-
servable.

Polarized spectra for the six-electron dot as a function of
the incident photon energy, h�i, are shown in Fig. 7. The
incident angle in this and the next figures is �i=10°. Due to
the special character of these processes, with transitions
through a single intermediate-state resonance, the depen-
dence on h�i is uniform, with a sharp maximum at the reso-
nance. Away from the resonance, on both sides of it, the
CDE1 state gives the strongest peak.

The Ne=6 spectra may be contrasted with the Ne=4 po-
larized spectra, shown in Fig. 8. The h�i intervals shown in
both figures are the same in order to facilitate comparison.
Resonances with different intermediate states �see Fig. 5�
lead, in the present case, to a pattern in which the relative
intensities of Raman peaks rapidly vary with h�i. This is the
common feature of all of the studied dots except the Ne=6
one. There are also interesting facts about the Raman spin
selection rules, but they are more evident in the next figure
�Fig. 9�, where polarized and depolarized spectra are drawn
as a function of Ne.

Monopolar spectra in Fig. 9 are computed at incident pho-
ton energy exactly in resonance with Egap of each dot. First,

we notice that for the Ne=2 and Ne=6 �closed-shell� dots, in
which the ground-state total electronic spin is Si=0, the spin
selection rules deduced in the off-resonance regime �ORA�
hold even under resonance conditions.24 That is, CDEs and
SPEs with �S=0 are observed in the polarized spectrum, and
SDEs and SPEs with �S=1 are observed in the depolarized
spectrum. This is not the case for the open-shell dots, in
particular the Ne=3 and 5 dots, for which the polarized and
depolarized spectra are very similar, and we cannot use the
selection rules in order to identify spin or charge excitations.
In the Ne=4 dot, we observe the singlet state �a spin excita-
tion�, which can be classified as a SPE according to the sum
rule, as a distinct low-energy peak in the polarized spectrum.
Notice that, in general, the weights in the sum rule given in
Table I are not indicative of the relative intensities of peaks
in the Raman spectrum. On the other hand, the positions of
CDEs states practically do not depend on Ne, specially the
CDE2, as mentioned in the comments to Fig. 3, and the SDEs
peaks shift to lower energies as Ne is increased.

Finally, we would like to address the question about out-
going resonances. These resonances are defined by following
the intensity of a fixed Raman peak as a function of the
energy of the scattered photon. In bulk systems, outgoing
resonances associated with collective final states were found
at exactly the same energy positions of incoming resonances,
which led to the idea that outgoing resonances are a conse-
quence of a third-order process, in which an additional per-
turbation causes the decay of the intermediate state toward
the exciton �incoming resonance�.25 We would like to check
what happens when employing exact functions in the stan-
dard �second-order� scheme.

FIG. 7. Polarized Raman spectrum in the six-electron dot as a
function of the incident laser energy.

FIG. 8. Polarized Raman spectrum for a four-electron dot with
confinement ��e=30 meV. The initial photon energy is varied in
the interval where the first set of incoming resonances is expected.

FIG. 9. �Color online� Polarized and depolarized monopolar Ra-
man spectra in the few-electron dots with confinement ��e

=30 meV. The initial photon energy is exactly in resonance with
the first intermediate state �Egap� in each dot.

EXACT DIAGONALIZATION STUDIES OF INELASTIC… PHYSICAL REVIEW B 79, 195318 �2009�

195318-7



Figure 10 shows the amplitude squared, �Afi�2, corre-
sponding to the CDE1 state, that is, the most collective
charge-density state, in the Ne=6 dot and ��e=30 meV, as a
function of the scattered photon energy, h� f. A strong peak at
h� f 
1183 and 1.4 meV above the energy of the first incom-
ing resonance �indicated by an arrow in the figure�, is ob-
served. In our scheme, this means a strong resonance with an
intermediate state with energy Eint
EX+�E�CDE1�, where
EX=1181.6 meV is the position of the first absorption maxi-
mum �exciton�, and �E�CDE1�=Ef�CDE1�−Ei. Comparison
with the absorption intensity, also depicted in the figure with
a dashed line, shows that the absorption peak is not the stron-
gest for this particular intermediate state. This means that the
matrix element corresponding to virtual emission of a pho-
ton, �f �H�+��int�, should be particularly strong for this inter-
mediate state, see Eq. �1�. We verified a similar situation with
regard to the most collective spin-density excitation �the
SDE2�. The existence of an intermediate state with such char-
acteristics, energy approximately equal to the sum of two
eigenenergies, and a strong transition probability to the col-
lective state, suggest a kind of approximate dynamical sym-
metry, and requires further research.

VI. QUALITATIVE ANALYSIS OF REPORTED
EXPERIMENTS

Although there have been a number of reports of experi-
mental Raman studies dating from the 1990s of deep etched
quantum dots with large numbers �hundreds� of electrons
�see, for example, Refs. 26–28�, apart from two preliminary
theoretical studies for 6 and 12 electrons,29,30 the initial ex-
perimental investigations of inelastic light scattering from
quantum dots containing few electrons commenced in 2000.
In that year Chu et al.2 observed at 5 K under resonance
excitation from self-assembled InGaAs/GaAs quantum dots
a Raman peak near 50 meV with a linewidth of about 25

meV. Similar Raman spectra were observed in both polarized
and depolarized scattering conditions without any apparent
depolarization shift. From sample doping considerations and
other experiments, Chu et al. deduced that there were about
six electrons in each quantum dot and that the ground- and
first-excited state of the dot were occupied. They interpreted
the depolarized Raman peak as arising from SDEs while the
polarized peak was associated with charge-density fluctua-
tions. Despite the lack of the expected fine structure in their
reported spectrum because of energy-level variations in the
conduction band arising from a statistical distribution of dot
diameters in their sample,2 our calculations do confirm this
assignment. As mentioned in Sec. V and shown in Fig. 6,
monopole Raman scattering dominates in few electron dots
at resonance and the Raman spectrum of a closed-shell dot
containing six electrons should exhibit a clear difference be-
tween SDEs in the depolarized scattering geometry and
CDEs in polarized scattering. This was not the case in Chu et
al.’s work. On the other hand, for five, but not four, electrons
contained in the dot, the polarized and depolarized spectra
are expected to be very similar. Thus the broad 50 meV peak
observed by Chu et al., which covers the right energy range
according to our theory for a confinement energy of 30 meV,
is definitely electronic in origin, is due to intersublevel tran-
sitions within the conduction band, and is well explained by
taking five instead of six electrons in their dots.

In 2003, Brocke et al.3 investigated the electronic excita-
tions in InGaAs/GaAs self-assembled quantum dots where
the dots could be filled with from one to six electrons by
varying a gate voltage across the dots. Their resonant
Raman-scattering experiments revealed a broad Raman band
in the energy range 40–55 meV in the polarized geometry
�there was not mention of the depolarized spectrum in this
paper�. A feature of their results was the prominent peak
observed at �50 meV �linewidth of �5 meV� for two elec-
trons in the dots that was assigned to a CDE. This peak was
seen to gradually shift to lower energy ��46 meV for six
electrons� with increasing number of electrons in the dots.
The shift was opposite in direction to their expectations for
CDEs and was explained in terms of the Coulomb interaction
among the dot electrons. Apart from the Kohn mode at 50
meV, their energy-level calculations showed the existence of
other excitations to lower energy �in the range 40–50 meV�
for greater than two electrons per dot, but these additional
low-energy excitations were not individually resolved in the
experiments.3 No calculated Raman spectra were given in
this paper. Without this information, the implication of their
energy-level analysis performed using a confinement energy
of 50 meV is that the clear peak they observed at �50 meV
for at least two electrons per dot was the Kohn mode. Our
calculations of the Raman spectrum although for pure InAs
dots with a confinement energy of 30 meV produce Raman
peaks in a similar energy range to that observed by Brocke et
al., and most importantly show that the �L=1 transitions
including the Kohn mode at 30 meV give negligible contri-
butions to the Raman intensity under resonance excitation.
The present calculations show that in polarized scattering
two CDEs spaced by 2–3 meV �CDE1 and CDE2 shown in
Fig. 9� are prominent, but their energies do not shift much
with increasing number of electrons in the dot �see Fig. 3�.

1225 1230 1235 1240 1245 1250

hν
i
(meV)

0

0.5

1

1.5

2

A
bs

op
rt

io
n

(a
rb

.u
ni

ts
)

1170 1175 1180 1185 1190
hν

f
(meV)

0

0.01

0.02

0.03

0.04

0.05

0.06

A
m

pl
itu

de
Sq

ua
re

d

X

FIG. 10. �Color online� The amplitude squared, �Afi�2, solid line,
corresponding to the CDE1 state in the Ne=6 dot and ��e

=30 meV as a function of the scattered photon energy, h� f. The
absorption intensity �dashed line� is also shown for comparison.
Notice that the x axis in the absorption curve corresponds to h�i.
The energy of the first incoming resonance is indicated by an arrow.
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Based on these results, we can reinterpret the Raman results
of Brocke et al. as follows. Their spectra show a peak at
�45 meV and evidence that a similar peak occurs at
�50 meV �this peak is more clearly seen at low and high
electron numbers� that do not shift with electron number and
are thus likely due to CDEs. The apparent shift of the
�50 meV peak to lower energy with increasing electron
number is an illusion created by the appearance of additional
Raman peaks at energies between 45 and 50 meV, especially
for four and five electrons �see Fig. 9�, that are unresolved in
the Bocke et al. experiments. A more quantitative analysis
than this requires further detailed calculations for the specific
physical properties of their dot structure.

The experimental results that motivated this theoretical
study were obtained recently from resonance Raman-
scattering measurements on InAs/GaAs self-assembled quan-
tum dots filled by n-type modulation doping with 5, 7, and
12 electrons.4 Detailed results were published for �7 elec-
tron dots with intersublevel transitions in the �50 meV
range. On resonance excitation a broad electronic Raman
line was observed at 57 meV �linewidth �15 meV� in a
near-polarized geometry that was attributed to intersublevel
electron transitions. No detailed structure of this Raman band
was noted for �7 electrons,4 but its peak energy increased
slightly with increasing number of dot electrons from 55
meV for �5 electrons to 63 meV for �12 electrons, at which
point some band structure became evident.31 As opposed to
the Brocke et al. results,3 the apparent peak position of this
Raman band increases slightly with the number of electrons
per dot and thus is in accord with an assignment to CDEs.
Although our calculations for InAs quantum dots extend
only to six electrons they show that there are two CDEs
expected in the vicinity of the 57 meV peak observed by
Aslan et al. and they do not shift much in energy with in-
creasing number of electrons. In fact, The calculated polar-
ized monopolar Raman spectrum shown in Fig. 9 for six
electrons exhibits a maximum at 57 meV and, when appro-
priately broadened, resembles quite well the experimentally
observed Raman band for �7 electrons. One additional in-
teresting aspect of the work of Aslan et al. was their obser-
vation of strong coupling between quantum dot longitudinal-
optical phonons and electron intersublevel transitions.4 Such
coupling modifies the signatures of both the phonon and
electronic Raman lines and thus for better comparison with
experiment further theoretical calculations including the ef-
fects of electron-phonon coupling are desirable.

Finally, for completeness, we briefly consider the obverse
case of resonant Raman scattering from holes in self-
assembled dots. Such scattering has been observed in both
SiGe/Si �Ref. 32� and InAs/GaAs �Ref. 33� quantum dots. In
the InAs dot work, p-type doping resulted in two to five

holes per dot depending on the as-grown dot density. Reso-
nant Raman scattering from such samples produced a broad
intersublevel hole excitation at �25 meV �linewidth
�12 meV� for two to three holes per dot that shifted to
lower energies with increasing numbers of holes per dot.
Detailed theoretical work is needed to explain these results.

In summary, our theoretical results have proved to be in
qualitative agreement with experiment. However, in general,
not all the detailed structure predicted in our calculations and
its polarization dependence for dots filled with from two to
six electrons has been observed experimentally, because of
the wide widths �typically in the range 5–25 meV for
InGaAs/GaAs dots� of the Raman bands. This is partly due
to present samples comprising dots filled with a range of
electrons and also to variations in the size of dots in a given
sample. Thus for a better comparison between theory and
experiment there is now a need for more experimental work
on better defined arrays of dots or, better still, on single dots.

VII. CONCLUDING REMARKS

In the present paper, we used an effective-mass descrip-
tion of electrons and holes in self-assembled quantum dots,
and computed, by means of exact-diagonalization tech-
niques, the wave functions of initial �ground�, intermediate,
and final states entering the transition amplitude of an inelas-
tic light-scattering process, Eq. �1�. Polarized and depolar-
ized Raman cross sections in the backscattering geometry for
dots with electron numbers Ne=2–6, and harmonic confine-
ment strengths ��e=20–50 meV were calculated. The role
of collective �charge and spin-density excitations� and
single-particle excitations in Raman spectra was stressed.
Particularly interesting is the case of open-shell dots, where
the spin selection rules do not hold for Raman scattering, and
the six-electron dot, where an almost idealized Raman pro-
cess with transition through a single intermediate resonance
can be realized. We found evidence of approximate outgoing
resonances in our second-order scheme, without the need of
higher-order terms in the scattering amplitude. Existing ex-
perimental results were qualitatively analyzed, although their
proper description requires further work, for example, on the
inclusion of the polaron effect in Raman scattering.
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